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This paper develops an impulsive spacecraft formation-flying control algorithm using relative-orbital-element
corrections. This formalism introduces an inherent freedom that is used for deriving an optimal formationkeeping
law, balancing the fuel consumption among the spacecraft based on the impulsive Gauss variational equations. The
main idea is that formulating the problem of formationkeeping in terms of relative-orbital-element corrections leaves
the final values of the orbital elements unconstrained, thus allowing the spacecraft to create a natural energy-
balanced formation. The freedom rendered by this modeling is used to find optimal impulsive maneuvers,
minimizing the squared />-norm of the velocity-correction vector, which can be used for formation initialization and
control. The optimization is solved using the least-squares method. The optimal formationkeeping method is
designed to accommodate the effects of oblateness and drag. Based on graph theory, it is shown that the spacecraft
will naturally form a stable energy-balanced formation and that the optimal formationkeeping strategy is invariant
to the spanning tree. The algorithm is illustrated by simulating the motion of a formation of spacecraft possessing

different ballistic coefficients subject to oblateness and drag.
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I.

ONTROL of relative spacecraft motion, known as

formationkeeping, is an enabling technology for spacecraft
formation-flying missions. Modeling relative-motion dynamics, an
essential infrastructure for formationkeeping, has seen significant
progress in recent years, since Clohessy and Wiltshire [1] published
their linearized relative-motion approximation in the early 1960s.
For example, Karlgaard and Lutze [2] derived an approximate
solution to second-order relative-motion equations for spacecraft in
near-circular Keplerian orbits. Gurfil and Kasdin [3] presented a
methodology for obtaining high-order approximations of the relative
motion between spacecraft by using the Cartesian configuration
space in conjunction with the classical orbital elements. Chichka [4]
used the linear Clohessy—Wiltshire equations to find natural
formations of satellites with a constant apparent distribution, an
important application of the relative-motion equations for remote
sensing.

However, natural formations may not survive, due to orbital
perturbations. The need for formationkeeping, therefore, stems from
the fact that space is a perturbed environment, thus inducing
separation of the formation-flying spacecraft orbital planes. In low
Earth orbits, the dominant perturbations are the Earth oblateness and
drag, and at higher altitudes, the spacecraft are perturbed by the
attraction forces of the sun and the moon.

The growing number of autonomous spacecraft missions that are
to perform complicated missions in close proximity requires
accurate, robust, and fuel-efficient formationkeeping algorithms.
Thus, attention should be given to developing a new rigorous control
approach, taking into account the effect of all dominant orbital
perturbations.

One such perturbation is Earth’s oblateness. Because J,
perturbations affect the orbital elements of each spacecraft in the
formation differently, the formation will tend to separate. An
analytical method developed by Alfriend et al. [5] can be used to
evaluate the differential forces on the formation-flying spacecraft.
Moreover, Schaub and Alfriend [6] also found that J,-invariant
relative orbits can be designed analytically; spacecraft placed on the
Schaub-Alfriend orbits will be influenced by the same forces and
will therefore have the same drift, thus yielding bounded relative
motion in the configuration space.

Formationkeeping can be implemented by using either impulsive
control, relying on chemical thrusters, or continuous control, using
low-thrust electric propulsion. Impulsive formationkeeping usually
assumes that the orbital elements of some reference orbit are known
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and attempts to generate control commands that will match the
instantaneous orbital elements to some desired values [7], even under
orbital perturbations [§]. However, in many cases, such as in situ field
mapping and astronomical observations, setting an a priori reference
orbit is not a mission requirement (although orbit knowledge is
required). More important, on some occasions, specifying the
reference orbit a priori can result in a greater fuel consumption.

At this point, one may ask what can be done to the improve the
existing [7-10] impulsive-formationkeeping schemes. The answer is
that the overall amount of propellent used for formationkeeping can
be optimally distributed among the spacecraft if the reference orbit
for the formation-flying spacecraft is not specified. In other words, if
one used the relative-orbital-element corrections to define the
formationkeeping strategy, the formation could be designed so that
the relative geometry is determined without imposing an absolute
configuration on the formation. This approach is conceptually
different from existing distributed spacecraft system optimization
methods [11].

Relative-orbital-element corrections are the differences between
the successive corrections of orbital elements of any two formation-
flying spacecraft. In essence, these elements differ from the orbital-
element differences proposed by Schaub [12], because they do not
depend on a particular reference orbit. The proposed modeling
approach remains valid in the presence of orbital perturbations.

In this work, we develop a generic method for the impulsive
control of formation-flying spacecraft using the Gauss variational
equations (GVEs) [13] as the dynamic model and the classical
relative-orbital-element corrections as the variables representing the
formation structure. As opposed to other works [14—16], we shall not
attempt to minimize the overall amount of fuel consumed by the
formation-flying spacecraft, but rather to optimally balance a given
amount of fuel among the spacecraft. This prevents an undesirable
situation in which some of the spacecraft maneuver much more than
others, thus considerably increasing the a priori propellent margin of
the entire formation.

This approach relies on the key observation that formulating the
problem of formationkeeping in terms of relative-orbital-element
corrections leaves the final values of the corrected elements
unconstrained. This freedom can be used to design optimal impulsive
maneuvers for formation initialization, reconfiguration and
maintenance. We show that our impulsive control scheme is a
natural scheme in the sense that it creates a stable formation that
corresponds to an optimum balancing of the overall amount of
propellent. This approach is substantially different from other fuel-
balancing methods [17], wherein the control design exploits the
approximate dynamics given by the Clohessy—Wiltshire equations
and an approximate perturbation model.

In our analysis, we use elementary graph theory [18] to classify the
formation topologies and to guide the quest for optimal maneuvers.
Graph theory is a useful tool for analyzing multiple spacecraft
formations; thus far, however, it has been mostly used in the
continuous-formationkeeping setting [19]. We offer to apply a
graph-theory-inspired analysis for impulsive-formationkeeping
design.

II. Dynamic Model

In this section, we briefly outline the underlying dynamic model
used for the design of optimal formationkeeping, including the
effects of J, and drag.

A. Coordinate Systems

We first define the following coordinate systems [20]:

1) R is a rotating polar coordinate system, centered at the
spacecraft. The fundamental plane is the orbital plane. The unit
vector T is directed from the spacecraft radially outward, h is normal
to the fundamental plane, and ] completes the right-hand setup.

2) 7 is a rotating tangential-normal frame, centered at the
spacecraft. The fundamental plane is the orbital plane. The unit
vector € lies along the spacecraft velocity vector, h coincides with the

instantaneous angular momentum vector, and n completes the right-
hand setup.

3) P is a perifocal coordinate system, centered at the primary. The
fundamental plane is the orbital plane. The unit vector X, is directed
from the primary’s center to the periapsis, Z, is normal to the
fundamental plane, and §'p completes the right-hand setup.

4) Zis an inertial coordinate system, centered at the Earth. The
fundamental plane is the equator, X is directed from the Earth’s
center to the vernal equinox, Z is normal to the fundamental plane,
and Y completes the right-hand setup.

B. Gauss Variational Equations

The GVEs model the effect of a control and/or a disturbance
acceleration vector

u = (U, uy)"

on the osculating orbital element’s time derivatives. This vector is
represented in the reference frame 7, and so u, and u,, are the input
components in the plane of the osculating orbit along the velocity
vector and perpendicular to it, respectively, and u,, lies along the
instantaneous angular momentum vector, normal to the orbital plane.
In the case of impulsive maneuvers, we can write

aAt = Aa,
uyAt = AV,

u,At=AV,, u, At =AV,,

ey

where « is an orbital element; A« is an orbital-element correction;
AV,, AV,, and AV, are the components of the velocity-correction
vector in frame 7; and the impulsive time interval At — 0. The
impulsive form of the GVEs defines algebraic relationships between
the orbital-element corrections and the components of the velocity-
correction vector [20]:

2, 2
Aa="2"py, (2a)
1
Ae=- [Z(e 1 cos f)AV, — ﬁsianvn] (2b)
a
Al = w AV, (2¢)

I IRALELONN 2d)
hsin/

1
Aw=— [2 sin fFAV, + (2e + £cosf)Av,,]
ev a
_ rsin(f + w) cosl

psing LV (e)

2
AM=—t [2(1 4 ﬂ) sin fAV, + IcoszV,li| )
eav P a

where a is the semimajor axis, e is the eccentricity, / is the
inclination, €2 is the right ascension of the ascending node, w is the
argument of perigee, M is the mean anomaly, the parameter f is the
true anomaly, r is the scalar orbit radius, and p is the semilatus
rectum. The mean motion n satisfies n = /j1/a®, where p is the
gravitational parameter. The semiminor axis b satisfies
b=av1-e¢%

Consequently, in matrix form, GVEs (2) for some spacecraft S;
can be written as
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Aa; = G(a)Av; 3)
where
Aa el
T
AT Ny AV,
Ao[i = R G(ocl-) = 7I~ s AVI- = AVn
AQ cy AV
Aw el bt
AM |, cir i
)

where ¢’ denotes a coefficients vector of the controlled orbital
elements emanating from the GVEs, as seen in Egs. (2), and Avis the
concomitant impulsive velocity-correction vector.

C. Mean Orbital Elements Subject to a J, Perturbation

In the absence of perturbations, the six orbital elements remain
constant. Because of the influence of J,, some orbital elements will
oscillate about a nominal value and others will exhibit secular drifts.
The averaged values of the orbital elements are called the mean
elements. If all the spacecraft in the formation are of equal type and
build (i.e., have the same ballistic coefficient), then the differential J,
acceleration is the dominant perturbation experienced by the
spacecraft. In this case, the differential drag effect on the relative
motion is negligible over a time period of several orbits.

The mean orbital elements under the effect of J, are determined by
the differential equations [20]:

da
g 5
& %)
de
=0 6
& (6)
di
& (7
dQ 3 R,\?
=== J-2%) ncosI 8
dar 2 2(p) " ®
3 R,\?
do =—J2(—E) n(5cos*l — 1) )
dr 4 p

R \2
dd_M =n4 212(—9) nvV'1—e?(3cos’l — 1) (10)
: p

where R, is the equatorial radius.

D. Mean Change of the Orbital Elements Because of Drag

If atmospheric rotation is neglected, then the inclination, the right
ascension of the ascending node, and the argument of perigee are not
affected by drag. The relationships for the averaged rates of the
semimajor axis and the eccentricity, developed for a small
eccentricity (expanding up to second-order in e), are given by [8]

3 2
(jl_j = —2p,a’nKp |:Io +2eZ, + % T, + Iz)] exp(—pBae)
an
de e
@ =—p,Kpan|2I, +e(Z, +Iz)—Z(5111 +15) |exp(—Bae)

(12)

where Z; are modified Bessel functions of the first kind of order k and
argument fBae, defined in the integral form,

2
T2 = %A‘ €29 cos (k) d (13)

p, is the atmospheric density at perigee, B is the inverse of the
atmospheric scale height, and the ballistic coefficient is

sC
Kp=—2

2m
where C, is the drag coefficient, m is the spacecraft mass, and s is a
reference area.

E. Relative Position and Velocity in Inertial Coordinates

To model the relative motion of the spacecraft under the preceding
orbital perturbations, we will first write the inertial position and
velocity of each spacecraft. This can be done by solving the
Keplerian two-body problem in inertial coordinates and then
extending the solution to include orbital perturbations using a
standard variation-of-parameters procedure. The inertial position r
and inertial velocity v = r are given by [20]

a(l — e?) cos(f + w) cos 2 — cos I sin(f + w) sin 2
r =13 ocos f cos I cos Q sin(f + w) + cos(f + w) sin 2
+ecosf sin 7 sin(f + o)

(14)

e [ r
VEEE eyt Vv -

V., = —cos Qsin(f + w) —sin 2 cos I cos(f + w)

where

— e(cos Q2 sinw + sin  cos wcos 1)
V), = cos Q cos I cos(f + w) — sin 2 sin(f + w) — e(sin 2 sinw
— cos Q2 coswcos I)

V. = sinl[cos(f + w) + e cos ]

In the presence of orbital perturbations and velocity corrections,
the classical orbital elements vary with time. In this case, the inertial
position and velocity are determined as follows:

1) Integrate the orbital elements with respect to time under orbital
perturbations.

2) Calculate the inertial velocity until the moment of velocity
correction.

3) Compute the inertial position by quadrature: r = [ dr.

4) Perform an impulsive correction Av (the required velocity-
correction components are transformed from frame 7 to 7).

5) Determine the inertial velocity after the impulsive correction:
vi=v + Av.

6) Integrate the orbital elements (step 1).

The relative velocity and relative position vectors in frame 7
between any two spacecraft §; and §; are defined as follows:

I.‘i.j = [in.j’ Vyijs VZi.j]T = I"j —T; (16)

r,;= [Xi./w Y;

ijo Zi.j]T =r;—r; (17
III. Formation Topologies and Optimal
Formationkeeping

In this section, we consider the relative motion of a group of N
spacecraft S; (i=1,...,N). We will develop an impulsive-
formationkeeping maneuver strategy for consuming minimum fuel.
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The impulsive maneuver will be represented by a velocity-correction
vector performed by each spacecraft, and the formation topology will
be represented using elementary graph theory, briefly described in
the following subsection.

A. Elementary Graph Theory

A graph is a pair [G = (V, E)] of sets such that the elements of E
are two-element subsets of V. The elements of V are the vertices or
nodes, and the elements of E are the edges or arcs. The degree of a
vertex v, dg(v), is the number of edges at v. A labeled graph is a
graph with each node labeled differently (but arbitrarily), so that all
nodes are considered to be distinct for the purpose of enumeration. A
path P = (V, E) on a labeled graph is a sequence

V={v,v,5,..., 0y}
such that
E={(viv2), (v203), ..., (vy_1vn)}
are the graph edges of the graph G = (V, E). A closed path
P=v,v,,...,0y,0;

with N > 3is called a graph cycle. The length of a cycle is its number
of edges; a cycle of length m is denoted by C™. A directed graph, or
digraph, G is an ordered pair [G = (V,A)], where V is a set of
vertices or nodes and A is a set of ordered pairs of vertices (called
directed edges, arcs, or arrows). An edge e = (x, y) is considered to
be directed from x to y (y is called the head and x is called the tail of
the edge); y is said to be a direct successor of x, and x is said to be a
direct predecessor of y. If a path leads from x to y, then y is said tobe a
successor of x, and x is said to be a predecessor of y. A tree T is a set of
straight-line segments connected at their ends, containing no closed
loops (cycles). In other words, it is a simple, undirected, connected,
acyclic graph. A tree with N nodes has N —1 graph edges.
Conversely, a connected graph with N nodes and N — 1 edges is a
tree. A labeled tree is a tree in which each vertex is given a unique
label. The vertices of a labeled tree with n vertices are typically given
the labels 1,2, ..., n. The leader graph is denoted by L*; the leader
graph is a tree, which is a directed graph. A spanning tree of a
connected graph G is either the maximal set of edges of G that
contains no cycles or the minimal set of edges that connect all
vertices.

B. Relative-Orbital-Element Corrections

To develop an impulsive control for a group of N spacecraft, we
shall treat this group as a digraph GV and will term it the formation
graph. Each spacecraft S; (i = 1, ..., N) constitutes a vertex in GV. A
relative-orbital-element correction of S; and §;, denoted by Ac;

W2
constitutes an edge in GV and is defined by

Ag; ;= Aa; — Aw; (18)

where the orbital-element corrections of §; and §; in the presence of
an impulsive velocity correction are, respectively,

Ao; =af —af

19)

ot
Aa]-—aj o

(20)

where o~ is a value of the orbital element before an impulsive
correction, and ot is the value of an orbital element after the
impulsive correction. Therefore, a relative-orbital-element correc-
tion can be written as

Aw;; = Aa; — Aa; = Ol]J-r —aj — (o —ay) 1)

The relative-orbital-element corrections are indifferent to a particular
predefined reference value chosen for an orbital element, o (i.e.,
they are reference-orbit-independent); this can be seen by writing

— Olpefs Aa; = (Xf — Opet (22)

— ot
Ao; =« ; ;

and
Ae; ;= Aa; — Aa; = Ol;' —af (23)

If the corrected orbital elements of S; are to be equal to the orbital
elements of S, then in the absence of perturbations, a formation will
be created; this case is referred to as perturbation-free orbital-element
matching. Semimajor axis (energy) matching in the case of Keplerian
motion is a typical example [10]:

at =af = Aa;;=a; —aj (24)

If perturbations are present, their effect will generally induce a
relative drift. The basic requirement from the formation control law is
to cancel the mean relative drift. When the relative deviation exceeds
a maximum allowed value, a velocity correction should be applied.
Each velocity correction sets the current value of the orbital-element
correction to a new value that cancels future drifts. In this case, the
corrected orbital elements of §; and S; satisfy the following
condition:

of —of =af; (25)
and the relative element correction is

— gt +
Aa; ;= o — o (26)
where a?fj is the required relative orbital element of §; and S ;, defined
as

;= —a;

after the impulsive correction (this correction is determined based on
the effect of drag and J,, as will be shown in the sequel). Similarly,
a;; is the relative orbital element before the impulsive correction.

C. Tree Topology

Let us assume for the moment that there are no perturbations
present and that the formation is created by orbital-element
matching. The spacecraft form a leader graph (i.e., a tree), as defined
in Sec. IILA. Let us label the leader of this graph by S, with S, being
the root. Per this definition, the spacecraft form a leader formation
LY, and the resulting formation topology assumes the following
form:

Ay, 1 -1 0..- o7[ar

Aa, 5 S o

R ) B O | B @7
Aay_ 0 0 1 -1 ay

Using GVEs (2), we note that the orbital-element corrections can be
expressed as a function of the velocity correction in the following
manner:

Aa; = ()T Av;, Aa; = (c,)] Av; (28)

where (c,); and (c,); are GVE coefficient vectors of §; and §,
respectively, as seen in Egs. (2), and Av;, Av; are the concomitant
impulsive velocity-correction vectors. The relative-orbital-element
correction can be thus written as follows:

Aa;; = Aa; — Aa; = (¢,)] Av; — (¢,)] Ay, (29)
The state-space representation of this tree can be written as
AAv=Db (30)

where
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=]

_(Cot)IT (ca)g 0
a=| 0 Tl i 0 g

_(cot)l7\w/71 (Ca);{/

=]

0 0---
isan (N — 1) x 3N matrix, and

AC{LZ

Aa 5
b = ) (32)

Aay_y

isa (N —1) x 1 vector.

D. Balancing the Fuel Consumption

The use of relative-orbital-element corrections as edges in the tree
topology has introduced an excess freedom into the formation graph;
this can be plainly seen by the fact that the number of unknowns in
Eq. (30) exceeds the number of constraints. This implies that a static
parameter optimization problem with equality constrains can be
solved; the only remaining issue is to choose the proper cost
functional.

Choosing a cost functional that minimizes the total Av of the
formation seems to be the most straightforward selection [14—16].
For a formation of spacecraft equipped with separate impulsive
thrusters for all three axes, this cost functional is [21]

N

2y

1 i=1

Av= H Av Av, (33)

1
For spacecraft equipped with gimbaled thrusters, the minimum-fuel

cost functional for the formation is

N

2y

2 i=1

Av= H Av Av, (34)

2

In both cases, the cost functional constitutes the overall Av of the
formation. The rationale for choosing the overall Av as the cost stems
from the fact that the Av is proportional to the amount of propellant
Am. This can be readily seen from the rocket equation:

Am = m0|:1 - exp(— IA; )] (35)
spS0

where m, is the initial fuel mass, I, is the specific impulse, and g is
the gravitational acceleration at sea level. For a first-order small Am,
Eq. (35) can be written as

_ Amlspgo

Av + O(Am?) (36)

my

However, minimizing either Eq. (33) or Eq. (34) may lead to a
situation wherein some of the spacecraft consume much more
propellant than the others. This unbalance can cause some of the
spacecraft to run out of fuel faster than the others; if the formation is
to be designed with identical or nearly identical spacecraft, each
spacecraft must be designed for the worst-case fuel consumption,
thus resulting in a conservative fuel budget for the entire formation.

To alleviate this situation, we propose using a penalty not on Am,
but rather on Am?. Although not necessarily minimizing the overall
fuel consumption, this penalizes large individual fuel usage and
balances the fuel among all the formation members. In this case, the
spacecraft will tend to form a natural fuel-balanced formation: that is,
to converge onto an orbit that does not require excessive fuel
consumption from some of the formation members while preventing
other spacecraft from maneuvering.

Penalizing Am? implies penalizing Av?; again, this can be seen
from Eq. (35):

A 212 2
Av? = % + O(Am?) 37)
0

Thus, the problem of fuel-balanced optimal formationkeeping can be
cast as follows. Find an optimal impulsive maneuver Av*, satisfying

2 N 2
Av* = argmin| Av| =argmin Z Av; (38)
Av 5 Av payy )
such that
AAv=D (39)

Augmenting the cost functional with the equality constrains using the
Lagrange multiplier vector

A. = [)Ll,)\,z, ey )\,N,I]T
yields
H=||Av|? +AT(AAv — D) (40)

The necessary and sufficient conditions for the existence of minima
are

OH
AAV)

41

0’H

m >0 (42)

The Hessian appearing in Eq. (42) is

0’H

BV 21y (43)
where Iy isan N x N identity matrix. Thus, the solution of Eq. (41) is
always a minimum, meaning that the solution of the optimization
problem (38) and (39) yields an optimal impulsive velocity-
correction vector Av*. This observation holds regardless of the
particular spanning tree used to define the formation, as shown in
Appendix A.

A straightforward approach for solving the optimization problem
formulated in Egs. (38) and (39) is to use the least-squares method.
To that end, we rewrite expression (39) into

(AAV —b)(AAV — b)T =AAV(AAV)T — b(AAV)T — AAVDT
+ bb” = AAVAVIAT — 2bAVTAT + bb” (44)
Taking the derivative with respect to Av yields
2AATAV —2ATh =0 (45)
Therefore, the minimizing vector Av* is a solution of the equation
AATAv=ATb (46)

If the rows of A are linearly independent, then AAT is invertible. In
that case, the optimal solution of the system of linear equations is
unique and is given by

Av* = AT(AAT)"'b = A*D 7

where AT is the pseudoinverse of A.

IV. Control Strategy

The first goal of the control strategy is to initialize the spacecraft
formation and then to keep the spacecraft in the leader graph LY even
in the presence of perturbations. In the absence of perturbations, the
necessary and sufficient condition guaranteeing a stable formation is
that the mean motions of S; and §; form a 1:1 resonant motion.
Because the periods of Keplerian elliptic orbits are determined by the
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orbital energy, this requirement can be transformed into an energy
matching condition [10] or, equivalently, semimajor-axis matching.

However, orbital perturbations induce temporal changes in the
orbital elements of each spacecraft. In general, the effects of
perturbations on each spacecraft are not the same. The Earth
oblateness effect is a function of the semimajor axis, eccentricity, and
inclination. Because of initialization errors, small initial differences
of the semimajor axis, eccentricity, and inclination lead to secular
changes in both the nodal rate 2 and the mean latitude rate M+ o.
These differences lead to a buildup of out-of-plane and in-plane
angular separations. In addition, not all the spacecraft involved in the
formation are of equal type, mass, shape, and attitude profile. These
physical variations lead to drag differences that cause secular
changes in the semimajor axis and the eccentricity, which in turn lead
to secular changes in the nodal rate and the mean latitude rate due to
the Earth oblateness.

The formationkeeping control law is required to mitigate the
relative deviations of the mean drift of Q and M + . That could be
done by persistently matching semimajor axis, eccentricity, and
inclination.

A. Optimal Corrections of the Semimajor Axis, Eccentricity, and
Inclination

Two different scenarios should be considered. The first is when
all the spacecraft in the formation experience the same drag; the
relative drift of the orbital elements is then zero. The second scenario
is when the effect of natural perturbations on each spacecraft is
different.

To preserve the formation, a periodic velocity correction should
be applied. As already discussed, the corrected elements ai*, ei*, and
I (i=1,...,N) would theoretically remain unchanged in the
absence of drag perturbations, and no further correction of these
elements would be needed. However, when a drag difference exists,
the elements a;, e, and I;” (i = 1,..., N) slowly deviate from the
initial values until an additional velocity correction must be applied.
The time interval between subsequent corrections is chosen
according to the allowed deviation. When the deviation exceeds
the allowed maximum, a new velocity correction is performed.
Each velocity correction sets the element to cancel future drifts due
to drag.

Choosing to control semimajor axis, eccentricity, and inclination
leads to a relationship in the form of Eq. (30). Let us define the
matrices A,, A,, and A; representing the mapping of the velocity
corrections to the relative-orbital-element corrections Aa; ;, Ae; ;,
and Al;; (i=1,...,N)based on GVEs (2):

—(ca (ca)2 0-- Oy O
0 —(¢c4)2 (ca)s+- 0(]><N) 0(I><N)
A, = . ) . . . (48)
0--- —(ca)n-1 (ca)w 0(1><N) 0(1><N)
where (c,); is given by [compare with Egs. (2)]
2v,a?
Ca)i=—+ (49)
(ca) m
Similarly,
A,
—(c)1 (co)a 0-- —(s.)1 (S0) 0. 0(1><N)
= 0 —(c.)r (co)z-+- 0 —(s.)1 (80)3- 0(1><N)
(50)
where
2(e; + cos f; r;sin f;
(e = ROXCRID -y LS
v; v;a;

and
Oaxyy Oaswy —(kp) (kp) 0---
A= Owm Ouay 0 —(k)y (kp)y--- (52)
where
ricos(f; + w;
k), = [1SOSUi + @) 53)

h

i

Finally, in the absence of perturbations, Eq. (30) assumes the
following form:

[(AV), ] [ Ad
(AV)), Aays
(AV)y Aay -
(AV,), Aey,

Aﬂ (AVH)Z A€2_3
A, ) = . (54)
A :
(AV,)y A‘91\/,1\1—1
(AVy), Al
(AV)), Al
L (AVh)N - - AIN.N—l -

which complies with the general form of Eq. (39).

When perturbations are present, the vector b becomes a
superposition of the precorrected relative orbital elements and the
final relative orbital elements, as shown in Eq. (26). Thus, the
formationkeeping topology developed here is generic; the only
difference between the perturbed and unperturbed cases is the entries
of b.

B. Closed-Form Expressions for Optimal Impulsive
Formationkeeping

Consider the following scenario: A formation graph G* is located
in nearby orbits with different initial semimajor-axis values. In the
absence of perturbations, this graph will form a stable formation if the
energies of Sy, S,, and S5 are equal or, equivalently, if the semimajor
axes of their orbits are identical. We will show that the preceding
optimal formationkeeping scheme can yield analytic closed-form
expressions for the optimal impulsive maneuvers required to match
the semimajor axes using the least-squares method.

The initial values of semimajor axes and velocities of G* are a,,
a,, and a; and v, v,, and vs, respectively, and the relative semimajor
axes corrections are

Aaz‘l = Aaz - Aal (55)

Aa:;‘z = Aa3 - Aaz (56)

The matrix A,, which is given by Eqgs. (48) and (49), assumes the
following form:

_ 2vla% 2v2a§ 0
_ In w
Aa - 0 2ya3  2v3a} 57
n n

The optimal impulsive maneuver is calculated using the least-
squares method:
Av* = AL(AAD)'D, b =[Aay, Aaz,]" (58)

The optimal velocity corrections required to match the semimajor
axes of the spacecraft are given by
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(V) | kv a? (v%a‘z‘Aam + viajAa,, + v_%ag‘Aaz_l)
th = "5

2 viatvial + viatvial + viadvial
(59
2 (12 4 2 4
1 Mvzaz(vza3Aaz,1 - UlalAam)
(AVi)y =5 (60)
)2 2 4.2 & | .7 43 & | 2 42 4
2viajvia; + viajvia; + vzazvia,
vy, ! posad(vat Aas, + 13aAas, + viaddas, )
AVF)y == (61)
: 2 4.3 & | .3 43 4 | 3 43 4
2 viajvsas + viajvya, + viazvia,
and the resulting semimajor-axis corrections are
2a?v;
1 1
Aaj = (AVY); (62)
yielding
N vat(1BaiAas, + 3aiAas, + 3aiAas ) )
aj = — (63)
1 2 4.2 & | 22 42 & | 2 42 4
viajvias + vidvid; + v3d30id,
4.2(2 4 2 4
Agt a2v2<v3a3Aa2_l - vlalAa3,2> 64)
ay =—
2 2 4.3 & | .3 4.3 & | 3 42 4
viajvias + viajvyas + v3azvya,
4.2(.2 4 2 4 2 4
azv3 (U1“1A‘13.2 + via;Aaz, + UzazAaz_l)
Aaj = (65)

2 4.2 7 2 4.2 1 2 4.2 4
V1avia; + viapuya; + vidazvia;

All the spacecraft in G* will match their semimajor axes to some
value a*. The value of a* corresponds to the balanced velocity
correction required to form a formation in the absence of
perturbations and is given by

a* =a; + Aay (66)

It can be shown that a* is the centroid of the initial values of the
semimajor axis:

1 N
@ =3)a (67)

i=0

This value of a* yields the globally optimal total velocity correction
in the sense of minimizing ||Av|3 for all possible values of a
reference semimajor axis (this result is valid only for controlling each
orbital element separately).

V. Optimal Formationkeeping Under Perturbations:
Identical Ballistic Coefficients

In this section, we will implement the new control strategy on a
formation of J,-perturbed spacecraft having identical ballistic
coefficients. We will extend the method to the general case in the next
section. To illustrate the main idea, consider a formation of four
spacecraft flying in a low Earth orbit. All spacecraft have the same
ballistic coefficient and a small initial difference in the values of the
semimajor axis and eccentricity. In this case, as was described in
Sec. IV, to form a stable formation, one can match semimajor axis
and eccentricity, then the relative deviations of the mean drifts €2 and
M + & would be zero. The initial orbital elements and ballistic
coefficients are summarized in Table 1.

Table 1 Initial orbital elements and ballistic coefficients of a formation
in a low Earth orbit.

S; a, km e I,rad Q,rad w,rad f,, rad Kp

S, 6928.2 0.0012  0.01 0 0 0 0.0355
S, 69283 0.0013  0.01 0 0 0 0.0355
S;  6928.5 0.0014  0.01 0 0 0 0.0355
S, 6928.8 0.0015 0.01 0 0 0 0.0355

The initial differences in semimajor axis and eccentricity lead to a
buildup of angular separation between the orbital planes of the
spacecraft, §2; ;, and of the in-plane angular separation (M + ), ;,
which increases the distance between spacecraft, d; ;. We shall now
demonstrate the implementation of the proposed formationkeeping
method (matching semimajor axis, eccentricity, and inclination).

Figures 1 and 2 depict the time history of the mean relative orbital
elements. The impulsive maneuver is applied at f = 90deg after
1.25 orbits. It can be seen that relative drift of the mean relative
orbital elements is stopped. Although the values of semimajor axis
and eccentricity decrease due to drag, the formation remains intact,
and the distances between spacecraft are bounded. Figure 3 shows
the time history of the relative velocity components Vx, ;, Vy; ;, and
Vz;; in inertial coordinates [Eq. (16)]. The discontinuity in the
relative velocity components is a result of the impulsive velocity
correction. Following the impulsive maneuver, the position
components exhibit a bounded periodic motion. This can be seen
in Fig. 4, showing the three-dimensional relative orbit in inertial
coordinates and the projections thereof on the X-Y, X-Z, and Y-Z
planes.

VI. Optimal Formationkeeping of Spacecraft with
Different Ballistic Coefficients

In this section, we study the motion of a formation of spacecraft
having different ballistic coefficients, and we develop an optimal
formationkeeping algorithm based on the least-squares formalism
developed in Sec. III. Different ballistic coefficients cause different
secular changes of semimajor axis and eccentricity for each
spacecraft, which in turn lead to different secular changes of the
nodal rate and the mean latitude rate, due to the Earth oblateness.
Periodic velocity corrections must then be applied, because the
corrected orbital elements will continue to deviate from the reference
values.

To that end, we will implement the optimal impulsive scheme
developed herein while relying on an auxiliary dynamic equations
developed by Mishne [8]. The auxiliary relations will be used to
calculate the required corrections of the semimajor axis and the
eccentricity that will cancel relative drifts in the nodal angle and the
mean latitude angle until the next velocity correction. We shall also
suggest a new method for mitigating the cross-coupling of the
orbital-element corrections (semimajor axis and eccentricity are
corrected by applying tangential and normal maneuvers; this
correction affects the mean latitude rate as well).

Before commencing with our development of the formationkeep-
ing strategy, we will highlight some important differences between
the current work and the method of Mishne [8]:

1) We propose controlling nodal rate and mean latitude rate
indirectly, by selecting suitable values of semimajor axis and
eccentricity. These values are chosen to cancel future drifts until the
next velocity correction. It is possible to choose which two of the
three elements to control because there are only two constraints:
namely, equalizing the out-of-plane and in-plane drifts.

2) Fuel optimization is done according to the method described in
Sec. I1I. Controlling semimajor axis and eccentricity leads to in-plane
velocity corrections only. By finding a suitable timing for these
corrections, it is possible to minimize the effect of changes in @ and
M due to the impulsive corrections in the tangential and normal
directions.

3) We offer an optimal solution by not imposing a global reference
orbit a priori.
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Fig. 1 Mean values of the relative semimajor axis and eccentricity and the true anomaly, with an optimal velocity correction applied.
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A. Calculation of the Required Correction of Semimajor Axis and
Eccentricity

In the presence of J, and drag, the relative orbital elements of any
S; are determined by the GVEs given in Sec. II. The perturbed
dynamics of these elements can be written in the general form:

a =F(a) (68)

where F = [F,, ..., Fg|” is a vector-valued function F: R® — R If
the initial orbital elements of S; are different from those of S, and in
addition there exists a difference AK), in the ballistic coefficients,
then linearizing Eq. (68) about «; entails [§]

o;;~ Qo ; +qAK), (69)
where
0 = {0y} = [IF /o], € RS
and
qQ=[q,....q]" = [0F/0Kply—o, € RO

The entries of Q and q pertinent for the subsequent calculations are
given by [8]

JF 21 R,\?
0n =24 =21 (Fe) Zeost (70)
da 4 p) a
dF, ,nae
Op =——=—6J,R;—5-cos/ 1)
de p
0F; 5cos’] — 1
=0 g, 72
Os oa Qu Jcos] (72)
OF 5cos?] — 1
Os = e = —0p Deosl (73)

JoF 3 7 R,\?
Qq =—"’=—”[1 + VT eZ(—e) (3cos’] — 1)] (74)
da 2a 4 p

aFs 9 R,\? e
=—="/n|l-£) Bcos* I — 1) ——— 75
O6» Je 2 zn(P) (3cos )(l—ez)% (75)
and
d0F, dFs dF
0 =5g, =0 05 =5g, =0 9 =3x, (76)

To control the orbital-element deviations, impulsive velocity
corrections must be applied. An impulsive velocity correction
causes an instantaneous change of the orbital elements Ac,. The
relationship between the velocity change and the element change
is given by GVEs (3). The velocity correction is chosen to satisfy
[8]:

Q ij = Q+

ij (M + d))i,j =M+ w)j—, )
When a drag difference exists, cc,ffj constitutes an initial condition,
and the deviation changes according to Eq. (69). Thus, the desired
drift rates are set to values that will compensate for the effect of
drag differences until next correction.

By combining Eqgs. (3) and (69) the following two conditions for
the desired correction values of semimajor axis and eccentricity are
obtained [8]:

L of + q,AKp = Q7 (78)

L, + (g5 + q0) AKp = (M + @)7; (79)

where the vector L is the fourth row of Q, L, is the sum of the fifth
and sixth rows of Q, and ¢; are the elements of q. This procedure
results in

Q41a?:/- + Q4ze?:/ + Q431?:/ = Q;r, (80)

(Qs1 + Se1)ai; + (052 + Qe e + (053 + Q)1 = M + )
(81)

Equations (81) are two linear equations for the three desired relative

orbital elements (a;;, e/, I;";). This means that there is a single
degree-of-freedom. Because afj and efj depend upon the ballistic

coefficient and I} is unaffected by either J, or by AKj, we will

i.j
assume that Il*] = 0. This yields two linear equations with two

unknowns, al.*j and efj, for which the solution is

o = M + (U),Jr, —(Qs1 + Qm)Q?://Qm (82a)
" Q52+ Qg2) — Qan/ 041(Qs1 + Qg1)

QFf — @) 42e,+.
af, =—L—1J (82b)
7 Oy
Finally, the optimal velocity correction Av* is calculated using

Eq. (47) and is given by [compare with Eq. (54)]:

ap, +af, ] [ Aa,
a3 + “2+,3 Aay;
AvF = A, ayn-1 a3 _ [Ad]"| Aayya
A, e tel, A, Ae,,
e +efs Aey s
Lenn-1 + elJ\?,N—I J | Aeyy-i1
AT
= b 83
] ®

where A, and A, are matrices defined in Egs. (48-51), and the vector
b is a superposition of the precorrected relative orbital elements and
the desired corrections in semimajor axis and eccentricity given by
Eq. (82).

B. Calculation of the Desired Drifts

The desired drifts immediately following the velocity correction,
Q,Jrj and (M + cb)ff/-, are chosen to be in the opposite direction of the
expected drift due to drag that will be accumulated until the next
correction. These values will be used in Eq. (82). The velocity
correction will yield initial drift rates that are opposite to the drift
due to drag. These drifts can be found using a linear approximation,
valid for a short time interval 7 between two subsequent corrections

[81:

L]

. 1 AK
Q*‘:_E(QMFI +Q42F2)K7DT (84)
D

. 1 AK
M + o) = _5[(Q5| + Q) F1 + (Qs2 + Qez)Fz]TDDT
(85)
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Table 2 Initial orbital elements of four spacecraft with different
ballistic coefficients

S; a,km e I,rad Q,rad o, rad f,, rad Kp
S, 6803 0.0012 0.01 0 0 0 0.0355
S, 6803 0.0012 0.01 0 0 0 0.03905
S; 6803  0.0012  0.01 0 0 0 0.036
S, 6803 0.0012 0.01 0 0 0 0.0396

C. Minimization of the Cross-Coupling Effect

A well-known difficulty in controlling spacecraft orbits using
impulsive velocity corrections is the cross-coupling between orbital
elements. In formation-flying problems, this effect renders finding
conditions for bounded relative motion quite difficult.

Semimajor axis and eccentricity are corrected by applying in-
plane velocity corrections AV, and AV,. These velocity corrections
in turn cause undesirable changes in M and w, creating an in-plane
separation (M + w); ; each time the velocity correction is performed.
However, the orbital elements depend upon true anomaly. This fact
can be used to mitigate the coupling of orbital-element corrections.
For example, a tangential velocity correction applied at periapsis or
apoapsis will not cause any change in w, and a normal velocity
correction applied at f = 90 or 270 deg will not influence M.

We will now derive a method for mitigating the in-plane cross-
coupling. This can be done if the semimajor axis and eccentricity
corrections are performed twice per orbit. The first correction is
performed at f=90deg and the second is performed at

Ae' ~ Ae! (87)

This gives

. 2((11)21)1
22

2 1211
@yt

Ad! AVl = VI = Agl (88)

From which it immediately follows that AV = AV (under the
assumption that v! ~ v = v and a' ~ ' = ). Similarly,

I

1
TAVI=Ael (89)

a

21 1 2 1I
Ae == AvI— DAyt =2 a4 L
v a v

yielding AV!=—AV! (assuming that e'~e'=¢ and
M =r).

The parasitic change in @ and in M due to the first velocity
correction is given by

Aot = % AV, + 2eAV! (90a)
. b e’r .
=214 57 AV (90b)

and the unwanted change in @ and in M due to second velocity
correction is given by

f =270deg. Let us denote the correction of an orbital element « 2
at these points by Aa! and Ao, respectively. Ao = o AV +2eAV) (O1a)
Because the change in semimajor axis and eccentricity due to drag
is slow, we can adopt the following approximation:
b 2
AM! =—[2(1 +£)AV,H] ©1b)
Ad' ~ Aa" (86) eav p
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Fig. 5 Growth of the mean relative semimajor axis, eccentricity and true anomaly due to different ballistic coefficients, without applying

formationkeeping maneuvers.
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By combining Eqs. (90) with Eqs. (91), we get the total in-plane
deviation during an orbital period:

(A + AW™) + (AM' + AMT) =0 92)

which means that if we perform in-plane corrections at these points, a
second in-plane change will cancel out the first parasitic in-plane
change.

D. Simulation

First, we will simulate the uncontrolled motion of the spacecraft in
a 425-km low Earth orbit. The differences in ballistic coefficients
between the spacecraft are about 10%. The initial orbital elements
and ballistic coefficients are summarized in Table 2. As can be seen in
Figs. 5 and 6, different ballistic coefficients cause different drifts in
semimajor axis and eccentricity, which in turn induces secular differ-
ences in the out-of-plane and in-plane angular motions due to the J,
effect. Figure 7 depicts the relative position components in inertial
coordinates. The difference in ballistic coefficients increases the rela-
tive position components so that the average distance between the
formation-flying spacecraft amount to about 2.5 km after 16 orbits.

Next, we demonstrate that the proposed formationkeeping method
[Eq. (83)] considerably reduces the relative drift. The orbital elements
are corrected twice per orbit, at f = 90 and 270 deg, thus minimizing
the effect of cross-coupling between the orbital elements. As shownin
Figs. 8 and 9, the periodic impulsive corrections almost nullify the

2 . . . .
l
£ oy 174
> 7110/ ¥\
i 'lll (AP
lll‘ (\ (L # ,ll II'
R
AR :
S
-2
-2 -1 0 1 2 3
X, [m]
0.02
0.01
£ of
5
-0.01
-0.02 * * *
-2 -1 0 1 2

Y, [mi

relative drift in the relative orbital elements. Figures 10 and 11 show
the time history of the relative velocity and position components,
respectively, in inertial coordinates. The discontinuities in the relative
velocity components are a result of the impulsive velocity corrections
that are performed twice per orbit. Figure 12 shows the three-
dimensional relative orbits and the projections of the relative orbits
onto the X—Y, X—Z, and Y—Z planes in inertial coordinates. Figure 13
depicts the distance between spacecraft. The drift is not zero, but it is
much smaller than the uncorrected case (about three orders of
magnitude, relative to the uncorrected case). A small in-plane drift
remains because the cross-coupling effect causes a small residual drift
in relative position. The actual in-plane drift is not identically zero
because of the assumption we made that the change in semimajor axis
and eccentricity due to drag is slow. The maximum separation is
between S, and S3 and is about 2.5 m after 16 orbits (one day).

E. Fuel Consumption

The fuel required for formationkeeping is related to the total veloc-
ity change by therocketequation (35). The total velocity change can be
calculated by either Eq. (33) or Eq. (34), depending on the type of
propulsion system. For amission lifetime of five years, the total veloc-
ity corrections of each spacecraft, calculated according to Eq. (34), are

Avy, =19.89 m/s, Av, = 14.78 m/s

93)
Av, = 14.97 m/s, Avy,, =20.26 m/s
0.02 - - ——
0.01 1
€
= or , (/] “Powm 1
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Fig. 12 Relative motion between spacecraft with different ballistic coefficients in inertial coordinates, using periodic velocity corrections. The drift is

reduced by three orders of magnitude compared with the uncontrolled case.
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Fig. 13 Relative distance between spacecraft with different ballistic
coefficients shows that a maximum separation of only 2.5 m after 16
orbits.

and the total Av is about 70 m/s. The actual propellent consumption
can be calculated according to the rocket equation (35). Taking
I, =220 s and m, =500 kg, the required fuel mass for each
spacecraft is as follows:

Am; =4.59 kg,
Ams = 3.46 kg,

Am, =3.41 kg
Am, = 4.67 kg (94)

We thus see that the propellent mass is properly balanced among the
formation spacecraft. For comparison, the total five-year velocity
corrections calculated according to Eq. (33) are
Av, =23.12 m/s,
Av, =17.45 m/s,

Avy, =17.16 m/s

93)
Avyy, =23.41 m/s

and the total velocity correction is about 81 m/s.

VII. Conclusions

We developed a generic fuel-balanced impulsive maneuver
scheme for multiple spacecraft formationkeeping using relative-
orbital-element corrections. The spacecraft formation was modeled
as a directed graph, an approach that accommodates any number of
spacecraft. More important, formulating the problem of
formationkeeping in terms of relative-orbital-element corrections
left the final values of the controlled elements unconstrained. This
freedom was used to find optimal impulsive maneuvers, in the sense
of minimizing the />-norm, for formation initialization and control in
the presence of perturbations.

The main conclusions are as follows:

1) A controlled group of spacecraft will form a pattern in the
position space that corresponds to the optimal velocity correction.

2) Leaving the reference orbit free results in a globally optimal
velocity correction.

3) This velocity correction can be analytically computed using a
simple least-squares procedure.

Because the formationkeeping formalism is formulated in terms of
relative-orbital-element corrections, one can choose which orbital
elements to control. The final differences in the controlled elements
can be constrained to minimize the effect of orbital perturbations and
cross-coupling.

The newly developed algorithm was illustrated by a simulation of
a formation of four spacecraft flying in low Earth orbits subject to J,
and drag perturbations. Two different scenarios were examined.
The first is when all spacecraft possess identical ballistic

coefficients, and the second is when the spacecraft have different
ballistic coefficients.

In the first scenario, the most dominant perturbation is J,. Because
of initialization errors, small initial differences of the semimajor axis,
eccentricity, and inclination lead to secular changes in both the nodal
rate and the mean latitude rate. The formationkeeping algorithm is
then required to cancel theses relative mean drifts. This was achieved
by matching semimajor axis, eccentricity, and inclination.

In the second scenario, a periodic velocity correction should be
applied to preserve the formation, because the corrected orbital
elements deviate from the reference values due to different ballistic
coefficients. We proposed controlling the nodal rate and the mean
latitude rate indirectly, by selecting suitable values of semimajor axis
and eccentricity. These values were selected to cancel future drifts
until the next velocity correction. The simulation results showed that
applying the newly developed formationkeeping reduced the relative
drift by three orders of magnitude.

Appendix A: Effect of Different Spanning Trees on the
Velocity-Correction Vector

According to Cayley’s formula, the number of different spanning
trees of the connected graph GV is NV=2, where each spanning tree
forms a different labeled graph [22]. In the previous sections, we
treated the spacecraft formation as a leader formation LY, which is
also a labeled graph. The leader of this formation was labeled S.
This means that for a formation of N spacecraft, we can form NV—2
different A matrices and b vectors. The analysis in this paper was
performed for a formation represented by the particular spanning
tree

Sy = Sy_1 == 5

We will now examine how different spanning trees affect the
velocity correction required from each spacecraft and the total
velocity correction. For simplicity, we will study only semimajor-
axis corrections. To that end, consider all 16 possible spanning trees
for a formation of four spacecraft, as shown in Fig. Al. We
arbitrarily choose four different spanning trees: L}, L%, L}, and
L% These trees are shown in Fig. Al. The initial values of
semimajor axes for this formation are as follows:

a; =42,160 km,
az; =42,170 km,

a, =42,167 km,
a, =42,185 km

(A1)

The matrices Aa;, Aa;, Aa,3, and Aa¢ and the vectors by, b;, b3,
and b4, corresponding to the trees L{, L%, L1, and L} are as
follows:

—ZvIa% 2vya2
Tn wo 0 s 0 Aa,
—2vya 2uza
(Aa)l = 0 lj 2 7;' 3 0 s bl = Aa3,2
0 0 —2v3a3  2u4d} A(l4’3
n I
(A2)
72v]af 2vza§
w W 0 R 0 Aa,
—2vja 2usa
A== 0 == 0 | b, = | Aas,
0 0 203 2u4d Aays
n n
(A3)
72v1a% 2vya3
W we i Aay,
_ —2ua 2vsas —
(A = 0 o i 0 b3 =| Aas,
0 —2v2a§ 0 2v4a§ Aa“
W W
(A4)
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Fig. A1 Sixteen different spanning trees for a formation of four spacecraft.

L,
—2va®  2vd?
" i w0 X 0 Aay,
(A = # 0 MT% 0 | bis = | Aay,
—“2uat 0 0 20403 Aa4,1
" "
(A5)

Substitution into Eq. (47) yields the optimal velocity-correction
vector, which is equal for the four different trees already described, as
is the final value of the semimajor axis of this formation (without
perturbations):

0.3826
.| 01273
Avi=1 o080 | ™/

—0.5285

at =a*=42,170.49 km (A6)

This example shows that different spanning trees do not affect the
control vector and the required velocity corrections of each
spacecraft. This is because different spanning trees are merely a
different parametrization of the same physical values of orbital
elements. The final value of the orbital element is an optimal value
for given initial conditions. Choosing different spanning trees does
not change these initial values and the concomitant required
corrections Ac.
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